SET OPERATIONS

o The essence of mathematics lies in its freedom.
o I see it bwt I don't believe it !
— Georg Cantor
1.1 Introduction
The concept of a set is a base for all branches of mathematics. The theory of sets
was developed by mathematician Georg Cantor (1845-1918 A.D). We have learnt some
important and primary facts about sets in std. VIIL
In day-to-day life, we often talk about a group of same kind of objects; e.g., 2 herd
of cows, a pack of cards, a tcam of players etc. This type of a well-defined collection
of objects is considered as a set.

The father of set theory

The main inventor of set theory was the mathematician
Georg Cantor. He was born on 3rd March, 1845 in St. Petesburg,
Russia. He took his school education in St. Petesburg. In 1856, he
moved to Germany. He was president of Berlin Mathematical

NNl Society (1864-1865). He achieved doctorate degree in 1867.
He taught at a girls school in Berlin. In 1872, he was promoted as an extraordinary
professor in Halle. He was a friend of Dedekind. He got some very surprising
results in Mathematics. In 1873, he proved that rational numbers are countable.
The birth of set theory dates to 1873, when Georg Cantor proved the uncountability
of real line, actually December 7, 1873. Hilbert described Cantor's work as the
finest product of mathematical genius and one of the supreme achicvement of
purely intellectual human activity. Some powerful people who disagreed with him
Georg Cantor is remembered and widely respected. He died on 6th January, 1918
in Halle, Germany.
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1.2 Important Points for Revision

A set is a well-defined collection of objects.

A set without any member (element) is called a null set or an empty set.
A set having only one member is called a singleton.

€ (belongs to) is an undefined symbol.

If x is a member of the set A, we write x € A

If x is not a member of the set A, we write x € A.

A set total number of members of which is a positive integer is called

a finite set and a set which is not finite is called an infinite set. Null
set is considered to be a finite set.

If all the elements of a set A are present in the set B, then the set A
is called a subset of the set B. This fact is denoted by A C B.

Important points about subsets :

(M
(2)
3)
4)

Empty set is a subset of every set. Thus, for any set A, ) C A.

Every set is a subset of itself. Thus, for any set A, A C A.
If a set A has n elements, then number of its subsets is 2",
NCZCcOChk

Generally, while dealing with a problem, we consider some definite set and
its subsets. Such a definite set is called the universal set with reference to
that problem. The universal set is denoted as U.

A set which is a universal set for one problem need not be a universal set
for another problem. For example, In Geometry, space or plane is a
universal set. For interrelations of integers, set of integers Z is a universal
set. For the solution of linear equations, the set of real numbers is a
universal set.

The set of all the elements which are in U but not in the given set A is
called the Complement of the set A. It is denoted by A'.

Thus, A'={x|x€ U, x & A}

so from the above definition, we get the following results.

(DAUA'=U and Q)JANA' =9

If two sets have same elements, they are said to be equal sets. If every

member of set A is a member of set B and every member of set B
is a member of set A, then set A and set B are called equal sets.
If A and B are equal sets we write A = B. For equal sets A and B,

ACBand B CA.
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i.c. ifAC B and B C A, then A = B.

For example let A= {x|x € N, x <5} and B = {1, 2, 3, 4} be two sets.
Then both the sets A and B have the same members {1, 2, 3, 4}.

So, we say that A =B

® |If every member of set A corresponds to one and only one member of set

B and every member of set B corresponds to one and only one member of
set A then the sets A and B are said to be in one-one correspondence with
each other and the sets A and B are called equivalent sets. If set A is
equivalent to set B, we write A ~ B.

®  Thus, if two finite sets are in one-one correspondence with each other, then
they should have the same number of elements.

® Equal sets are always equivalent sets but equivalent sets need not
be equal sets.
For example, if A = {1, 2, 3}, B = {a, b, ¢} then A ~ B but A # B.
But for infinite sets, situation is different.
If, E= {2, 4, 6, 8,...}, then N ~ E. Because for every element of N, A unique
number 7 is related to the number 2»n belonging E and for every element of

E, a unique number m is related to the number % € N. But E C N.
EXERCISE 1.1

1. Classify the following sets in (a) as empty set or singleton set and in (b) as
equal sets or equivalent sets :

(@) (1) A={x|x€e Z,x+1=0}
(2) B={x|x€ N,x2—1=0)
(3) C= {x|x € N, x is a prime number between 13 and 17}
(b) (1) A={x|x€ N,x<7},
B={x|x€ Z, -3 <x<3}
(2) A= {x|x € N, x is a multiple of 2, x < 10},
B = {x | x € N, x is an even natural number with a single digit}

2. Find the number of subsets of the set A = {1, 2, 3}. Also write all the subsets
of the set A.

3. IfA={x|x€ Z,x*—x=0},B={x|x€ N, 1 <x <4}, then can we say

that AC B ? Why ?
4. IfU=1{1,2,3,4,56,7,89, 10}, A= {1, 2, 4, 6, 8}, then find A’ and also

verify that A U A' = U.
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5. IfA={], 2, 3}, B= {3, 4, 6}, then find all possible non-empty sets X which
satisfy the following conditions :

(D XCAXZB 2Q)XCcB,XZA @B)XCcAXCB
6. Examine whether the following statements are true or false :

(1) 41,2,3)ci{123) (2) {a, b} & {b, c, a}
G) oe {0} 4) 31 < {1,2, {3}, 4}
*

1.3 Properties of the Union Operation

Union set : For any two sets A and B, the set
consisting of all the elements which are either in A B
A or in B (or in both) is called the union set of the

sets A and B and it is denoted by A U B. The

process of finding the union of two set is called
the union operation.

Thus, in symbol, AUB = {x| x € A orx€ B}.
Venn-diagram is useful in understanding various
relations between sets. In Venn-diagram 1.1 the coloured region describes A U B.

Example 1 : Let A= {1, 3,5,7,9}, B= {2, 4, 6, 8} be two sets. Find A U B.
Solution : AUB={1,3,5,7,9} U {2, 4,6, 8}
={1,2,3,4,5,6,7, 8,9}
Example 2 :If 00= The letters of the word AHMEDABAD
and ﬁ = The letters of the word BARODA are two sets, then find
ouv P
Solution : Here &0 = {A, B, D, E, H, M} and
B ={A,B,D,O,R}
. a0U P ={A, B,D,E, H, M} U {A, B, D, O, R}
={A,B,D,E, H, M, O, R}
Properties : Following are some rules followed by union operation. We will
verify them with the help of illustrations.

(1) Union is a Binary Operation : For any two sets A and B, if AC U
and B C U, then (A U B) C U.

Suppose U= {x|x€ N,1SxS6},A={1,2,3},B={23,4,5)}

Here, U = {1, 2, 3, 4, §, 6}

So, AcUand BC U

Venn diagram of AU B
Figure 1.1
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Now, AU B = {1,2,3} U {2,3, 4,5}
={l, 2,3, 4, 5}
Clearly, all members of A U B are in U.
So, (A U B) C U. This result says union is a binary operation.
(2) Commutative Law : For any two sets A and B, AU B =B U A,
Let A= {c,d, e f}, B={p,q,r, s, t} be any two sets.

Then,
AUB={cdef}lU{paqrst
={cdef paqrsit} (i)
Now, BUA ={p qrs t} Ul{cde/f}
={cdefpaqgrsi} (ii)

Thus from (i) and (ii), A U B and B U A have the same elements.
Therefore, AU B=BUA

This law is known as commutative law for union, i.e. union is a
commutative operation.

(3) Associative Law :
For any threesets A, Band C,(AUB)UC=AU(BUC()
Suppose A= {x|x€ N, 1 Sx<5},B={x|x€ N, xis an even number, x < 10},
C = {x| x € N, x is a multiple of 3, x < 10}
Now, A={1,2,3,4,5},B={2,4,6, 8} and C = {3, 6, 9} are given sets.
So,AUB ={1,2,3,4,5} U {2, 4, 6, 8}
={1,2,3,4,5,6, 8}
(AUB)UC =({1,2,3,4,5,6, 8 {3, 6,9}
={1,2,3,4,5,6, 8, 9} (i)
Now, BUC ={2,4,6, 8L {3, 6,9}
={2,3,4,6, 8,9}
AUBUC) ={1,2,3,45}U{2,3,4,6, 8,9}
={1,2,3,4,5,6,8, 9} (i)
By results (i) and (ii) we verify that union is associative.
From Venn-diagram 1.2 it can be verified that,

AUBUC=AUBUCQ
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U U
A B A B
C
(AU B) (AUuB)UC
(0] (i)
U U
A A B
C C
BUCO) AU BUC
(iii) (iv)
Figure 1.2
In Venn diagram 1.2 coloured region describes the set mentioned below the

Venn-diagram.
This law is known as the associative law for union.
i.e. union is an associative operation.

(4) For any two sets Aand BAC(AUB)and BC (AU B)
LetA={x|x€ Z,x2—4=0},B={x|x € N, x < 5} be two sets.
Here A= {—2, 2}, B={1, 2, 3, 4, 5}

NowAUB ={-2,2} U({l,23,4,5}
={-21,23,4,5}
Clearly A (AU B)and B C (A U B). U
Look at the Venn-diagram 1.3. Here A

and B are two sets. The set A consists of the A B
regions R, and R,; the set B consists of the )

regions R, and R;. So, A U B consists of the \/

regions R, R, and R,. Thus, the regions R, and
R, are included in the regions R;, R, and R,
together. i.e. the set A is contained in the set Figure 1.3
A UB, so AC (AU B)
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Similarly the regions R, and R, are included in the regions R, R, and R, together.
That means the set B is contained in the set A U B. i.e. B C (AU B)
In general, for any two sets A and B AC (AU B) and B C (A U B).
(5) TACB,then AUB=B
Let us try to understand the above property by following example.
Example 3 : If 0 = The set of the letters of the word U
GATE and B = The set of the letters of the word
LOCGATE are two sets, then verify that 0 C B
andaa U P=p
Solution : Here 0 = {G, A, T, E},
B={L 0,C G,A T, E}
Here all the elements of the set Ol are Figure 1.4

present in .
acP
Now, 0t U P = {G,A, T,E} U {L,0,C, G, A, T, E}
={L,0,C,G,A, T E}
acuf =
6) AUU=Uand AU N=A
Let U={1,23,4,5,6,7, 8,9, 10} be the universal set and
A= {x|x € N, x is a prime number less than 10}
be a given set
s A=1{2,3,517)
Thus, AU U={2,3,57U({l,23,4,5,6,7,8,9, 10}
={1,23,4,56,7,89, 10} =U
AVUP ={2,3,573V9
=1{2,3,5, 7}
=A
Thus, we say that AU U=Uand AU § =A.
1.4 Properties of the Intersection Operation
Now we will study some rules about operation of intersection and verify them
with the help of illustrations.
Intersection set : For any two sets A and B, the set consisting of all the
elements which belong to both the sets A and B is called the intersection set
of two sets A and B and it is denoted by A N B.



R MATHEMATICS

Thus, in symbols AN B = {x|x€ Aand x € B} 9]
In Venn-diagram 1.5 the coloured region describes
A N B. \
Example 4 : Let A= {x | x € N, x is a multiple
of 3, x £ 15}
B={x|x€ Z 0 <x < 10} be two sets.
Find A N B. Figure 1.5
Solution :

Here A = {x | x € N, x is a multiple of 3, x < 15}
= {3, 6,9, 12, 15}
B={x€ Z,0<x<10}=1{1,2,3,4,5,6,7, 8,9}
ANB ={3,6,9,12,15} N {1,2,3,4,5,6,7,8,9} ={3,6,9}
Let us verify some properties of intersection by examples.
Properties :
(1) Intersection is a Binary Operation : For two sets A and B, if AC U,
BC U, then (AN B) C U
Suppose U= {x|x€ N, 1 <x <25}, A={l, 4,9, 16, 25}
B = {4, 8, 12, 16, 20}
Since U={1,2,3,.,25}, AcU,BCU
Now A N B = {1, 4,9, 16, 25} N {4, 8, 12, 16, 20} = {4, 16}
Clearly, each member of A M B is in U.
(ANnB)cU
So, intersection is a binary operation.
(2) Commutative Law : For any two sets Aand BANB=BNA
Let A= {1, 2,3, 4,5}, B= {3, 4,6, 8} be any two sets.

Then AN B={1,2,3,4,5} N {3,4,6, 8} = {3, 4} (i)
and BNA ={3,4,6,8} N{l,2 34,5}

= {3, 4} (i)

Thus, ANB=BNA (from (i) and (ii))

This law is known as commutative law for intersection i.e. intersection

is a commutative operation.
(3) Associative Law : For any three sets A, B and C,

ANB NC=ANBNO

LetA—{l 2,3,4,5,B={3,4,5,6},C={1,4,7}

. ANB={(3 4,5}
(ANB)N C= {4} (@)
B N C = {4}

* AN BNC)= {4} (ii)
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Thus, ANB)NC=ANBNCOC) ((i) and (ii))
Now, Let us verify the law with the help of Venn-diagram.
U U
A B A B
C C
(A N B) (ANBNC
0] (i)
U U
A A
C C
BnNCO) ANBNO)
(iif) (iv)
Figure 1.6
In Venn-diagram 1.6, coloured region describes the set mentioned below the
Venn-diagram.

It can be seen from the Venn-diagram 1.6 that, AN B)NC=AN (B N C)

In general, for any three sets A, B, and C, AN BN C=AN (BN ()

This rule is known as the associative law for the operation of intersection.

(4) (AN B) C Aand (AN B) CB.

All the elements of A M B belong to the sets A and B.

Hence  ANB)CAand (AN B)CB

Look at the Venn-diagram 1.7. The set A consists A B
of the regions R, and R,. The set B consists of the
regions R, and R;. The region R, is common to e
both A and B. Thus, A N B consists of the region R,.
The region R, is contained in A as well as in B. Thus,
(AN B) C Aand (AN B) CB. Figure 1.7

(5 fACB, then ANB=A

Let us verify this property by an example.
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Example 5 :Let A={x|x€ N, x2-9=0}and B={x|x€ N, x < 5} be
two given sets. Verify tht ACBand ANB=A
Solution : Here xX2 — 9 =0
x2—-32=0
x+3)x—3)=0
x=-3 or x=3
as x € N, x = —3 is not possible.

S x=3
Hence A = {3} (i)
Now,B={x|x€ N, x < 5}

= {1, 2, 3, 4} (ii)

Hence by the results (i) and (ii), we can say that A C B.
Now, ANB={3} N {l, 23,4 ={3} =A
IfACB,thenANB=A
Similarly If B C A, then A N B = B. (Verify it by yourself)
6) ANpPp=pand ANU=A
Let U= {1, 2, 3, 4, 5}, A= {2, 3}
Then obviously ANU={2,3} =Aand AN P=9
Disjoint sets : For any two non-empty sets A and B, if AN B = () then
the sets A and B are said to be disjoint
Example 6 : If A= {1,2,3}, B={x|x€ N, 3 <x< 7} are two sets, are they
disjoint ?
Solution : Here B = {4, 5, 6}

U
A B
Hence AN B ={1,2,3} M {4,5,6} =90
So there is no element common to both A and
B. Hence we say that A and B are disjoint sets.

By Venn-diagram 1.8 we can also understand
the above definition very easily. ANB=9

1.5 Distributive Laws Figure 1.8

We are familiar with the distributive law of multiplication over addition for real
numbers.

Foralla,b,c€ R, aX(b+c)=(@Xb)+ (aXc)

For example if a = 3, b = 4, ¢ = 5, then

LHS. =aXb+c)=3X@4+5=3%X9=27

RHS. =(@Xd+@Xc)=3X4)+@BXS5=12+15=27

L.H.S. = RH.S.




